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Abstract 

We examine the string dual of the recently constructed Af = 6 superconformal Chern-Simons theory 
of Aharony, Bergman, Jafferis and Maldacena (ABJM theory). We focus in particular on the SU(2) x 
SU (2) sector. We find a sigma-model limit in which the resulting sigma-model is two Landau-Lifshitz 
models added together. We consider a Penrose limit for which we can approach the SU (2) x SU (2) 
sector. Finally we find a new Giant Magnon solution in the SU (2) x SU (2) sector corresponding to 
one magnon in each SU{2). We put these results together to find the full magnon dispersion relation 
and we compare this to recently found results for ABJM theory at weak coupling. 
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1 Introduction and summary 

For the last decade, the duality between M = 4 superconformal Yang-Mills (SYM) theory and type 
IIB string theory on AdSs x S 5 have been celebrated as the one example of an exact duality between 
gauge theory and string theory. Recently, developments, initiated by Bagger, Lambert and Gustavsson 
[T] , in finding the superconformal world- volume theory for multiple M2-branes led Aharony, Bergman, 
Jafferis and Maldacena to construct a new Af = 6 superconformal Chern-Simons theory (ABJM theory) 
[2] which should be the world- volume theory of multiple M2-brane on C 4 /Zfc. Based on this they 
conjectured a new duality between ABJM theory and type IIA string theory on AdS4 x CP 3 . This is 
a new exact duality between gauge theory and string theoryQ 

The ABJM theory consists of two Chern-Simons theories of level k and — k and each with gauge 
group SU(N), which means that the total gauge symmetry is SU(N) x SU(N). In addition it has two 
pairs of chiral superfields transforming in the bifundamental representations of SU(N) x SU(N). The 
R-symmetry is St/ (4) in accordance with the Af — 6 supersymmetry of the theory. It was observed 
in [5] that one can define a 't Hooft coupling A = N/k and that in the 't Hooft limit N — > oo with A 
fixed one has a continuous coupling A and that the ABJM theory is weakly coupled for A -C 1. The 
ABJM theory is conjectured to be dual to M-theory on AdS4 x S 7 /Zfe with N units of four-form flux. 
In the limit of large k one has roughly speaking that 5* 7 /Zfc ~ CP 3 x S 1 which thus means that ABJM 
theory in the 't Hooft limit is dual to type IIA string theory on AdS4 x CP 3 . This duality is valid for 
A ^> 1 and the type IIA string description holds when k ^> TV 1 / 5 . 

Having this new AdS4/CFT3 duality naturally brings up the question of how similar it is with the 
AdSs / CFT4 duality. We see that despite the fact that k is integer valued we can still define a continuous 
't Hooft coupling and we have a weak/strong duality between the ABJM theory and type IIA string 
theory. Furthermore, Minahan and Zarembo [5] have recently provided evidence that ABJM theory is 
integrable to second order in A by finding an integrable SU (4) spin chain. This thus brings the hope 
that ABJM theory is integrable, just as has been seen in the case of J\f = 4 SYM theory [9]. However, 
there is one notable difference between the AdS4/CFT3 and AdSs/CFT4 dualities, namely that while 
one has the maximal number of 32 supercharges in the AdSs/CFT4 case, the number of supercharges 
in the AdS4/CFT3 duality is 24. This means that it can be more challenging to interpolate from weak 
to strong coupling in the AdS4/CFT3 duality. 



lr The construction of the Af = 6 superconformal Chern-Simons theory is based on [3j. For papers considering the 
Bagger-Lambert-Gustavsson theory see [4]. For papers considering the ABJM theory see [5] ED El IS- 
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In this paper we study further the question of integrability in the new A0IS4/CFT3 duality. We 
do this by investigating the SU(2) x SU{2) sector of the ABJM theory on the string side. For A< 1 
Minahan and Zarembo found that there is a decoupled SU(2) x SU(2) sector in the St/(4) spin chain 
[8]. In this sector the spin chain Hamiltonian is that of two XJX 1 y 2 Heisenberg spin chains. 

We find on the string side a limit of type IIA string theory on AdS4 x CP 3 that corresponds to 
the SU(2) x SU(2) sector. In this limit the string sigma-model becomes that of two Landau-Lifshitz 
models, thus in accordance with the results of [Hj. As one might expect, this means that the S-matrices 
matches up to second-order corrections for small momenta. We also find a dispersion relation of the 
form 

This dispersion relation holds in the limit of p — ► with large but fixed A. However, it does not match 
the one found by Minahan and Zarembo in [8j. 

To examine further the dispersion relation on the string theory side we consider a Penrose limit 
corresponding to the SU(2) x SU(2) sector (see [7] for another Penrose limit dual to ABJM theory). 
We find in particular the dispersion relation for an SU(2) x SU(2) magnon 



3 + ~ 2 p 2 (2) 

This holds for p — > with Xp 2 fixed. This result is consistent with our sigma-model limit and is 
furthermore consistent with the Penrose limit of [7] . 

We find moreover a new Giant Magnon solution in the ST/ (2) x SU(2) sector of type IIA string 
theory on AdS 4 x CP 3 , following the Giant Magnon solutions in AdS 5 x S 5 [TQl E]. The Giant 
Magnon solution in the SU(2) x SU(2) sector that we find has the interesting feature that it consists 
of two Giant Magnons, one for each SU(2). As for the Hofman-Maldacena Giant Magnon solution on 
AdSs x S 5 , this is a closed string solution with open boundary conditions in two azimuthal directions^] 

From our new Giant Magnon solution we get the following result for the dispersion relation (for a 
single magnon) 



A = \/2A 



. P 
sin- 



CS) 



which holds for A — > 00 and fixed p. This result is consistent with the Penrose limit result. 

Combining our results from the sigma-model limit, the Penrose limit and the Giant Magnon anal- 
ysis, we find the dispersion relation 



A , 

4 



i + 2Asin 2 (|) (4) 
for A ^> 1. For A <C 1 the following dispersion relation has instead been found [5] 

A=i+4A 2 sin 2 (|) (5) 

It is evident that (fj| and ([5]) cannot match, as one clearly can see in the limit of small momenta. 

For the analogous question in the AdSs/CFT4 duality it was found by Beisert that the form of 
the magnon dispersion relation is fixed up to a function depending only of the 't Hooft coupling [14] . 
Assuming that this symmetry argument can be generalized to the AdS4/CFT 3 duality, this leads to 
the proposal that the magnon dispersion relation in the SU (2) x SU (2) sector for any value of A is of 
the form 

A = Jl + h(X)sin 2 (T) (6) 



4 w V2 



It would be interesting to see if by considering an orbifold of CP [5] it would be possible to identify the string 
endpoints to make of this a legitimiate closed string solution, as was done in | 12| 1131 for the AdSs X S 5 Giant Magnon. 
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where h(X) is a function of A. Then our computations, together with (O, shows that 

f 4A 2 + C(A 4 ) for A « 1 
MA) = { (7) 
[ 2A + 0(VA) for A> 1 

Thus, h(X) is a non-trivial function of the coupling. This is in contrast with the AC1S5/CFT4 duality 
where the same dispersion relation holds for weak and strong coupling. We believe that this difference 
is due to the lower amount of supersymmetry of the AdS4/CFT 3 duality which indeed makes it more 
challenging to connect the two sides of the dualitylf] 

Note added: After completing this paper, Ref. [16] appeared on the arXive. This paper has substan- 
tial overlap with our sections [5] and [6j 



2 ABJM theory, its spin chain description and its string dual 

The ABJM theory, which is an M = 6 SU(N) x SU(N) superconformal Chern-Simons theory at 
level k, has two pairs of chiral supcrfields, each transforming in a bifundamental representation of 
SU(N) x SU(N). The theory has an explicit SU(2) x ,5/7(2) R-symmetry with one pair of superfields 
being in the spin 1/2 representation of the first SU(2) and the other pair in the second SU{2). 
Furthermore, the R-symmetry of the theory has been shown to be enhanced to SU (4) (further enhanced 
to SO(8) for k = 1,2). 

ABJM introduced a 't Hooft coupling A = N/k. In the 't Hooft limit N — > 00 with A fixed, A is a 
continuous parameter. For A <C 1 the ABJM theory is weakly coupled. 

We consider the ABJM theory on R x S* 2 , thus the global bosonic symmetry group is SO(2, 3) x 
SU (4). By the state/operator correspondence a state for the theory onKxS 2 is mapped to an operator 
for the theory on R 3 with the scaling dimension A given by the energy in units of the two-sphere radius. 

Focusing on the scalars in the theory we have a pair of complex scalars A\, A 2 which transform in 
the N x N representation of SU(N) x SU(N) and a pair of complex scalars B\, B2 which transform 
in the N x N representation. One can group these scalars into multiplets of the R-symmetry group 
517(4) 

Z a = (A u A 2 ,BlBl), Zl = {A\,Al,B 1 ,B 2 ) (8) 

with Z a transforming in the fundamental representation and Z' a in the anti-fundamental representation 
of SU{A). All scalars have conformal dimension A — 1/2 and transform in the trivial representation 
of the 15*0(3) symmetry. 

We have in addition a covariant derivative transforming in the spin 1 representation of 15*0(3) 
and in the trivial representation of SU(4). The scaling dimension is A = 1. We write the three 
components as D_, Dq and D + according to the Cartan generator S of S*0(3) {i.e. with eigenvalues 
-1, and 1). 

The fermions of the ABJM theory are the superpartners of the scalars, thus they transform in 
the fundamental and anti- fundamental representations of SU(A), and they transform in the spin 1/2 
representation of the S*0(3) symmetry. 

3 See |15] for another case where the dispersion relation depends non-trivially on the coupling. 
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Scalar operators and the SU(4) spin chain 

If we wish to construct gauge-invariant single-trace operators only from scalars we see that this should 
be done by alternatingly combining the scalars Z a with the scalars Z\ since then we can contract the 
indices with respect to the SU(N) x SU(N) gauge group. Thus, we can consider single-trace operators 



In [H] the two-loop dilatation operator was considered for this class of operators interpreting the 
operator ^ as a spin chain of length 2n with the spins in the odd sites transforming in the fundamental 
and the spins in the even sites in the anti- fundamental representations of SU (4) . This is in analogy 
with the analysis of the scalar operators of Af = 4 SYM [9] . The result is the anomalous dimension [8] 



with P being the permutation operator and K the trace operator. 

Amazingly, it was shown in [8] that (fl~0|) is integrable, thus suggesting that ABJM theory in the 
't Hooft limit has an integrable structure in analogy with that of Af = 4 SYM. This indeed makes it a 
very interesting theory to study. The explicit Bethc equations and dispersion relation for the integrable 
SU (4) spin chain are written down in [5] . 

The AdS 4 /CFT 3 duality 

The ABJM theory is conjectured to be the world-volume theory on N' = Nk coincident M2-branes 
on the orbifold C 4 /Z^ [2|. Taking the near-horizon limit of the geometry of N' M2-branes on C 4 /Z^ 
gives the AdS 4 x S 7 fL k geometry 




i--- za " z l) 



(9) 




(10) 




(11) 



with R 2 = (2 5 Tr 2 N') 1 / 3 lp and with the four form field strength 

3i? 3 

F W = ^T e AdS 4 (12) 



where £AdS 4 ^ s ^ e un ^ volume form on AdS 4 . We can parameterize the S 7 /Ik geometry using the 
four complex scalars z±, z<i, £3, z 4 such that 



4 



4 




(13) 



The orbifolding is implemented as follows. We write 




(14) 



Then we span an S 7 if 5Z a=1 Mo = 1- To each angle (j> a we associate the angular momentum 



J a = -id <f>a 



(15) 



4 These operators resemble scalar operators in the Af = 2 superconformal Quiver Gauge Theories |17l I18| . 
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(16) 



Write now the angles as 

0i = 7 + ^(-Vi ~ m - Va) , 02 = 7 + \{rfr + m ~ m) 

03 = 7 + - m + m) > 04 = 7 + ^( _r ?i + V2 + m) 

The orbifold S /Zjj. is now implemented as the identification 

7 = 7+^ (17) 

We have that 

J a + J 2 + J 3 + J 4 = -aSy (18) 
Thus, we see that the orbifolding is equivalent to the quantization condition 

Ji + J 2 + Ja + Ji e kZ (19) 

Introducing the three charges 

Rj = -id nj (20) 

we see that Ri, R2, R3 are the three Cartan generators for the SU (4) subgroup of 50(8) which is dual 
to the SU(4) R-symmetry of the ABJM theory. In detail, 

Ri = \{Ji - Ji - J 3 + Ja) , R% = \{-Ji + J2- J3 + Ji) , Rz = \{-Ji~ J2 + J3 + J4) (21) 

We can identify the four complex scalars z a with the four scalar fields Z a of the ABJM theory given 
in ijHJ). In particular we see that Z a transforms in the fundamental representation with highest weight 
(1/2, 1/2, 1/2) in terms of (R 1 ,R 2 ,R 3 ) while Z\ transforms in the (1/2, 1/2,-1/2) anti-fundamental 
representation. 

Write now 

ds lyz k = ds 2 cp3 + {dry + A) 2 (22) 

Thus the eleven-dimensional metric is 

R 2 / \ 
ds 2 n = — ( ~ cosh 2 pdt 2 + dp 2 + sinh 2 pd^lj + R 2 ds 2 cp3 + J R 2 (d 7 + A) 2 (23) 

Using the standard relation between the M-theory metric and the type IIA metric, along with the 
relation 1^ — g s l^ and that the eleven-dimensional radius is Ru — g s h, we get the following background 
of type IIA supergravity given by the metric 

R 2 / \ 
ds 2 = — ( - cosh 2 pdt 2 + dp 2 + sinh 2 pdClj J + R 2 ds 2 cp3 (24) 

with 



R 2 V2 5 7r 2 N' 2 5 n 2 N 



I 2 k V k 

and moreover given by the string coupling constant 



V2 5 7T 2 A (25) 



k 3/2 V fc 5 

the Ramond-Ramond (RR) four-form field strength 



(2 5 7r 2 7V') 1/4 /2 5 7T 2 7V\3 , . 

9*= ,J = (26) 



3i? 3 

F W = ^ e AdS 4 (27) 
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and with A being a one-form RR potential corresponding to the two-form RR held strength Fm\ = dA. 
From demanding a small curvature and a small string coupling one hnds that this background is a 
valid background for type IIA string theory when A ^> 1 and N <C k 5 [2] . 

When considering the type IIA description we should clearly require that the dependence on 7 is 
absent, we get therefore that we should only consider operators obeying 

J x + J 2 + J 3 + Ji = (28) 

This is in accordance with the construction of single-trace scalars operators © in the ABJM theory 
since we see that these operators indeed obey (|28[). 

Note that for hxed p > 1 the AdS 4 part of the metric (J2J) approaches R x 5 2 as e 2p R 2 /A(-dt 2 + 
d^l 2 ,). Since the conformal dimension A in ABJM theory is the energy in units of the two-sphere radius, 
we see that we should identify A with 

A = id t (29) 

3 Subsectors of the ABJM theory 

In this section we consider decoupled subsectors in the ABJM theory. A straightforward method to 
analyze this was provided in [TO] for JV = 4 SYM (for a method based on group theory see [5D] ). For 
ABJM theory we should consider the possible inequalities of the form 

Ao > niiRi + 7712-R2 + + 1TI4S (30) 

where Ao is the bare scaling operator, Rj are the three Cartan generators of the 5/7 (4) R-symmetry, 
5 is the Cartan generator of the 5*0(3) symmetry and rrii are rational numbers. Alternatively using 
(|2ip we can express this as 

Ao > Tlx J\ + n^J2 + n ?>J?, + «4^4 + n 5 S (31) 

assuming the extra restriction (|28[) and where n, are rational numbers. The upshot is that if the 
inequality is saturated for certain operators then those operators comprise a decoupled sector for the 
leading contribution to the anomalous dimension operator A — Ao- 

The SU(2) x SU(2) sector 
Consider the inequality 

A > Jx + -h (32) 

The operators in the ABJM theory that saturate this inequality, i.e. for which A = Jx + J2, ar e the 
ones made out of the scalars Ax t 2 and Bx,2- The single-trace operators are thus of the form 

= W^fTT(A n B n ---A lJ B 3J ) (33) 

This constitutes an SU{2) x 5/7(2) sector of the ABJM theory, as found in [S], since the Ax,2 an d Bx,2 
scalars transform in two separate 5/7(2) subgroups of the 5/7(4). From the result (fT0|) of [8] we see 
furthermore that 

2J J 

A - J = A 2 ^(1 - P M+2 ) = A 2 ^(1 - P21-X.21+X + 1 - P2U21+2) (34) 
i=x ;=i 



G 



We defined here J = J1 + J2 = — J3 — J a- We see that (j34|) corresponds to two decoupled ferromagnetic 
XXXx/^ Heisenberg spin chains, one living at the odd sites and the other at the even sites [8]. The 
spectrum is determined by the following dispersion relation, Bethe equations and momentum constraint 



A - J = 4A 



(35) 



M„ 



j = n s<£\p<?>) 

for a = 1,2, with the S-matrix given by 



Mi 



M 2 
i=l 



S(pk,Pj) = - 



1 _l_ g«(Pfc+w) _ 2e ipfc 
1 _|_ e i(Pk+Pj) — 2e ip j 



(36) 



(37) 



We see that the two chains affect each other through the momentum constraint which means that the 
spectrum is not just given by adding together two independent Heisenberg spin chains. We also note 
that we can infer from (j3"5|) that the magnon dispersion relation in the St/ (2) x SU(2) sector is given 
by (JSj) which in turn reveals that h(X) = 4A 2 for small A in the general dispersion relation ([6j. 



Other sectors 

Consider the inequality 

A > Ji + J 2 + -h (38) 

We see that the only operators that can saturate this inequality are those that have B 2 on the even 
sites and (Z 1 , Z 2 , Z 3 ) = (Ai,A 2 , B\) on the odd sites. Thus, we can consider single-trace operators of 
the form 

O = W aia2 ... an Tv{Z a 'B 2 ■ ■ ■ Z a "B 2 ) (39) 

with a,j = 1, 2, 3. This is the SU(3) sector found in [8]. 

It is furthermore interesting to consider sectors with derivatives. We can only get derivatives in 
the inequality l[3"i"]) if ris e { — 1,1}. Consider the inequality 

A > S + Ji + J 2 (40) 

For this case we see that at odd sites we can either have D 1 } A\ t 2 or D^XAx 2 where \A X 2 is the 
component of the superpartner of A X 2 with S = 1/2. For even sites we can either have D™B^2 
and D"\B! 2 where XBi 2 IS the component of the superpartner of B\ 2 with S = 1/2. This sector 
generalizes the SU(2) x SU(2) sector to include both the derivative D + and a superpartner. This 
sector could be relevant for studying the cusp anomaly in the ABJM theory. 
We can also generalize the SU (3) sector inequality to 

A > S + Ji + J 2 + J 3 (41) 

At odd sites we have D+Z 1 ' 2 ' 3 and ^"xz 1 - 2 . 3 with Xz 1 - 2 3 being the superpartner ofZ 1 ' 2 ' 3 with S — 1/2, 
while at even sites we have D+B 2 and D^xb? with xb 2 being the superpartner of B 2 with S = 1/2. 
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4 The 5*7(2) x SU(2) sigma-model limit 

In this section we take a limit of the type IIA string theory sigma-model on AdS4 x CP 3 corresponding 
to zooming in to the SU(2) x SU(2) sector. The idea is that by taking a limit where A — J\ — J2 goes 
to zero, then only the string states of the SU(2) x SU(2) sector can survive. This corresponds to a 
limit of small momenta, and the leading contribution to A — Ji — J% gives a sigma-model describing 
the small momentum regime of the strings in the SU(2) x SU{2) sector. This type of limit was first 
found in [2T] (see also [221 125] V 

In order to understand how to zoom in to the relevant part of the geometry of AdS4 x CP 3 we first 
take a step back and consider the M-theory background AdS4 x S 7 corresponding to M2-branes on C 4 . 
As is clear from Section [2j the two S/7(2)'s are gotten from splitting up C 4 = C 2 x C 2 . In detail the 
first SU(2) corresponding to is then associated to while the second SU(2) corresponding to 
Pi. 2 is associated to We therefore split up the S 7 into two S 3 's, one for each C 2 , as follows 

ds 2 s r = d6 2 + cos 2 9dn 2 3 + sin 2 6dn' 3 2 (42) 

We parameterize the two three-spheres as 

dVL 2 = dip 2 + sin 2 %p\d(j)\ + cos 2 ipidtfe , dQ.'^ = dip 2 + sin 2 V>2#3 + cos 2 i/'2#4 (43) 

with (p a being the angles introduced in Section [2] Introduce now the angles 



7T 7T 

= 2-0i - - , 62 = 2ip 2 - ^ i Vi = <h - <h > = <Pi - 

7 = t(01 + 02 + 03 + 04) , S = \{4>l + <p 2 ~ 03 - 04) 



(44) 



With this, we can write 



1 / 1 \ 2 

dttl = -dQl + [dj + dS + - smOxdipi) , dflj = dB\ + cos 2 0\d<p\ 

dfl' 3 2 = ^dU,' 2 2 + ^7 - dS - i sin #2^2) , dVl' 2 2 = dQ\ + cos 2 8 2 dipl 



(45) 



We have 



9 (i) = Ji - J 2 _ B (2) = Ji - J3 _ _, B 

°z — 2 — Vl ' z ~ 2 ~ 



(46) 



Ji + J2 + J3 + Ja = —id~f , J\ + J 2 — J3 — Ji = —ids 

We see that the coordinates ipi), £ = 1,2, parameterize a pair of two-spheres. These two two-spheres 
correspond to the two 5P(2)'s. Moreover, we note that we chose the opposite orientation for tpi and 
ip2 in the two C 2 's since one SU{2) corresponds to (zi, z%) (Ai^ in the ABJM theory) while the other 
SU(2) to (23, za) (Pi, 2 in the ABJM theory). This gives the two Cartan generators S^f 1 corresponding 
to the total spins for the two 5P(2)'s. 

We can now implement the orbifolding of the S* 7 by the identification (fTT]) . In order to zoom in to 
the SU{2) x SU{2) sector we set 

p = 0, 6 = ^ (47) 

This can be justified further since in the limit we take below one can check that the transverse exci- 
tations in the p and 8 directions become infinitely heavy in the limit, just as it happens in the SU (2) 
sigma-model limit of AdS$ x S 5 [23] . We should thus consider the eleven-dimensional metric 

ds 2 n = -¥-dt 2 + ^(dSl 2 +dn' 3 2 ) (48) 
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with the identification (fT7|) where R is given in Section [2j We find that 

?2 



ds ll 



^-dt 2 + R 2 {dj + A) 2 + R 2 \\dn\ + \dVL' 2 2 + (dS + wf 
4 L8 8 



with the one-forms A and u> given by 

A = — (sin Q±<kp\ — sin #2^2) , to = — (sinOidipx + sin 02 ^2) 
The type IIA background then has the ten-dimensional metric 

R 2 



ds 2 



-dt z + R 1 



\dtt 2 2 + \dVL' 2 2 + {d5 + uj) 2 
8 8 



(49) 



(50) 



(51) 



with R given in (|25|) . 

As explained in Section [3] the SU (2) x SU (2) sector is obtained by considering states for which 
A — Ji — Ji is small. To implement this as a sigma-model limit we make the coordinate transformation 



t = j 2 -t, X = s- 1 -t 



so that 



H = -id; = J 



(A-i(J l + J 



■h ~ J3 ~ Ji) ) , Ji + J2 - J3 - -h = -id x 



where we have defined 



J = J 1 + J 2 

Using the condition (f2"8")) we see that ([55)) can be written as 

H = id~ t = J 2 (A — J) , 2J = -id x 



(52) 

(53) 
(54) 

(55) 



We see here that taking J — * 00 corresponds to zooming in to the regime where A — J is of order 1/ J 2 . 
This corresponds to the energy scale in which we see the individual magnon states in the spin chain 
description. We see from ([52]) that we are zooming in close to 6 = t/2. This is a null-geodesic in the 
metric (I5T1) . This null-geodesic corresponds to a chiral primary of the ABJM theory with A = J. 
Employing the coordinate transformation (p)2"|) we get the type IIA metric 



ds 2 = R 2 



1 1 2 

(J 2 di +d\ + u)(dx + w) + + o dfi 2 



Consider now the bosonic sigma-model Lagrangian 

1 

We pick the gauge 

t = KT , p x = const. , h aj3 = T] a/3 
with 2irl 2 p x = d£/dd T x- The Lagrangian ([57]) is then found to be 

2 



(56) 

(57) 
(58) 



R 2 



C = (kJ 2 + 8 tX + to T )(d T x + u r ) - (x' + «v) 2 + \j2 [( 9 ^) 2 - 6? + cos 2 6 t [(d T ^) 2 - tpf}] (59) 

2—1 



with uj = LO T dr + io a do and with prime denoting the derivative with respect to a. The Virasoro 
constraints are 

2 

1 =0 



(kJ 2 + d T X + U T ){X' + ««r) + g [ d T d A + COs2 OidrVM 

i—l 
, 2 

(U 2 + d rX + ^r)(d rX + LU T ) + (x' + ^af + g £ [(^) 2 + #f + COS 2 ^[(5 r ^) 2 + ¥>f 



(60) 
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We have 



Px 



R 2 /kJ 



2-kI\ 



(^2~ + + w T ) 



(61) 



Since t measures the time corresponding to the energy scale H we should consider the velocities with 
respect to t to be finite in the J — > oo limit. Hence for example d T \ = k&iX- Inserting this in (|6ip . we 



see that d T \ —* and using that 2 J = f Q * p x we get from (|61l) that 

4/ 2 



JR 2 



(62) 



which is seen to go to zero in the J — > oo limit. Taking now the J — > oo limit of the Lagrangian (|59l 
and the constraints (f60|) we get 



4r = S(x + *«) - (*' + - ff ) 2 - g ^ [flj 2 + cos 2 



i? 2 



i? 4 



16£ 
i? 4 



(63) 



= 



Here the dot denote the derivative with respect to t. We see that the constraints fix \ m terms of 6i 
and ifi. Thus we can eliminate x to get the gauge fixed Lagrangian 

2 



R 2 



C 



i^+cos 2 ^ 2 



i=l 



From this we finally get the action for the sigma-modcl model in the J — > oo limit as 

2 , „27T 



i =—Y I dt 



4tt 



; = 1 







smUitfi — 7T"AI f - 2 + cos 2 Oiif'i 2 



This is supplemented with the momentum constraint 

2 ,2tt 



/ dasmOnp'i = 



(64) 



(65) 



(66) 



Thus, in conclusion the result of taking the SU(2) x SU (2) sigma-model limit is that we obtain two 
Landau-Lifshitz models added together (|6"5*|) . one for each SU(2), which only affect each other through 
the momentum constraint (|66|) . Since the Landau-Lifshitz model corresponds to the long wave-length 
J — ► oo limit of the XXX1/2 Heisenberg spin chain our result is consistent with finding two Heisenberg 
spin chains in the SU{2) x SU(2) sector of ABJM theory at A < 1 [5]. 

It is interesting to compare further the integrable structure that we found here on the string side 
with the integrable structure (|55)) - (|3T1) found on the weakly coupled ABJM theory. Using the analysis 
of [24] we can write the Bethe equations and dispersion relation corresponding to (|65|) - (|66|) as 



M„ 



Mi 



M 2 



E^ (1) ) 2 +E(^ (2) ) 2 



Mi M 2 

(1) , srJ 2 ) 



for a — 1,2, with the S-matrix given by 



S{Pk,Pj) 



Pk Pj 



+ i 



Pk pj 



(67) 
(68) 

(69) 
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Comparing this with (|35"l) - (f37|) found in the weakly coupled ABJM theory we see that the S-matrices 
coincide for small momenta (up to order p 2 ) which again is as expected since the Landau-Lifshitz 
model describes the long wave-length expansion of the Heisenberg spin chain. However, the dispersion 
relations are clearly different, if one compares them in the p — > limit. See the introduction in Section 
[I] for a discussion of this point. 



5 The SU{2) x SU(2) Penrose limit 

In this section we consider a Penrose limit of the AdS4 x CP 3 background which corresponds to the 
SU(2) x SU{2) sigma-model limit of Sectiongl following [251QI]. Another Penrose limit of AdS 4 x CP 3 
have been considered in [7] . We comment on the relation between the two Penrose limits below. 

We choose in the following to consider only the bosonic string modes for simplicity. To take the 
Penrose limit we consider first the metric for AdS 4 x CP 3 

R 2 / \ 
ds 2 = — {- cosh 2 pdt 2 + dp 2 + sinh 2 pdnjj + R 2 ds 2 cp3 (70) 

where the CP 3 metric is 

ds 2 cp3 = d0 2 + ^^-dfl 2 + ^W 2 2 + 4 cos 2 9 sin 2 9(dS + to) 2 (71) 

with 

lu — — sin Oidifi + — sin Ozdipz (72) 
where we used the angles introduced in Section 2J Define 

t' = i, X = 5-\t (73) 
In these coordinates the metric (I7D|) takes the form 

ds 2 = - —dt' 2 (l - 4cos 2 6»sin 2 6 + sinh 2 p) + —{dp 2 + sinh 2 pdClj) 



R 2 



d0 2 + ^-^-dn 2 + S -^-dVL' 2 2 + 4 cos 2 sin 2 6(dt' + d X + uj) (d X + u) 



(74) 



We have that 

A - J = idf , 2 J = -id x (75) 

Here A — J is the energy we are interested in measuring for the SU(2) x SU(2) sector. 
Define now the rescaled coordinates 

v = R 2 x, u 4 = r(o-^J, r=—p, x a = Rtp a , y a = R9 a (76) 

with a — 1,2. Then the Penrose limit R — > 00 gives the following metric for a type IIA pp-wave 
background 

4 2 

ds 2 = dvdt' + V(du 2 - u 2 dt' 2 ) + - y^(dx 2 a + dyl + 2dt'y a dx a ) (77) 

i—l a—1 

where r 2 = Y2%=i u i an< ^ dr 2 +r 2 dCl2 = Y^=i ^ u i- ^ ne Held strengths for this pp-wave background 
are given by 

P(2) = dt'du4 , P(4) = 3dt' du\du2du3 (78) 
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The type IIA pp-wave background ([77]) - ([78]) has 24 supercharges and it is the same background found 
from another Penrose limit of AdS4 x CP 3 in [7] though in another coordinate system. The background 
([77 |) -([75 |1 was originally found in [261127]. 

We notice that the pp-wave background (|77| -([78 | has two flat directions x\ and X2- Thus the 
coordinate system of this pp-wave is similar to the one found by a Penrose limit in [17j . The Penrose 
limit of [17] is particularly well suited to consider the SU(2) sector of AdSs x S 5 , as explained in 
[2"51 12"5] . Similarly, we shall see below that the Penrose limit given by (|76p is particularly well suited 
for the SU(2) x 577(2) sector of AdS 4 x CP 3 . 

We choose the gauge 

t' = ct , h a> /3 = r\ a .fi (79) 
and we get, for the bosonic fields, the following gauge fixed Lagrangian 



C = 



1 4 

- ^ [(drUi) 



2 12 2 2 
U 4 — C U; 



i—1 a—1 

The bosonic light-cone Hamiltonian is then given by 



2 2 
Y VadrXa + E [(^a) 2 + (drVa) 



2 x' 2 - v' 2 



o=l 



cH lc = ^j\a{l±{ {dTUl ) 2 + u? 



i 2 2 
+ C U, 



l^[(^ Q ) 2 + (9 r y a ) 2 +< 2 +yf 



The mode expansion for the bosonic fields can be written as 



Ui(r, a) 



E 



i 



e -!([)„T-litr) 



i \f ifO^T— na) 



(80) 

(81) 

(82) 
(83) 



where fi„ = \/c 2 + n 2 , cj„ = y ^- + n 2 and we defined z a (r, cr) = x Q (r, cr) + ij/ Q (t, cr) . The canonical 
commutation relations [x a (r, a),p Xb (r, cr')] — i5 a bS(a — cr'), [y a (r, a),p yb (T, cr')] — iS a bS(cr — cr') and 
[ui{r, ct),Pj(t, ct')] = iSij5(a — cr') follows from 



[ a m; fan) ] = <5mn<5a6 , [4, (3*)*] = ^mn^i, , (3£) f ] = ^mn^. 



(84) 



Employing (|84p we obtain the bosonic spectrum 

4 2 



a=l nG2 



a=l nGZ 



with the number operators A* = (d^a^, M% = (a a )l l a^ l and N% = (a a )JjO^, and with the level- 
matching condition 



E> 



i=l 



a=l 



= 



(86) 



The constant c can be fixed from the term ^d T v in the full Lagrangian. In fact we have that 



2nl 2 p v — dC/dd T v which gives 



AllJ 



J 



R 2 ttV2X 

where we again used that dap x = 2 J. Using ([87]) the spectrum ([85]) reads 



(87) 



^ = EE\A 



2tT 2 A 
- 1 



2 ^+EE 

o=l n£Z . 



1 2tt 2 A , 1 \ „„ 
4 J 2 2 ] n 



1 2tt 2 A , 1 \ . 



(88) 
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We see that this spectrum is consistent with the spectrum found in [7]. Here we used that from (175)) 
we have that 

flic = A — J (89) 
From the spectrum ([88]) we can infer the following dispersion relation for an SU(2) x SU (2) magnon 



A = vi + ^ 2 (90) 

where p = 2im/ J is the momentum of the magnon. This dispersion relation is clearly consistent with 
the dispersion relation (|57]l found from the SU(2) x SU(2) sigma-model limit as one can see by taking 
a p — > limit. As explained in the introduction in Section [1] this dispersion relation does not match 
with weakly coupled ABJM theory. 

We can now connect the SU (2) x SU (2) sigma-model limit of Section [4] to the above Penrose 
limit. Consider the limit J — > oo. In this limit c — * oo. We see therefore from the spectrum (|88p that 
the modes and N% decouple, i.e. that the a l n and the a° decouple. Indeed only the M° modes 
corresponding to a° are left, giving the spectrum 

4 = EE^ A »". EE< = ° ( 91 ) 

a=ln£Z o=lraeZ 

This precisely corresponds to the spectrum of the SU(2) x SU(2) sigma-model limit for small p, as can 
be seen from (j5T|) . This resembles the SU(2) decoupling limit taken of the analogous pp-wave solution 
for the SU{2) sector of type IIB string theory on AdS 5 xS 5 [2"8"ll2"5]. 

We can also connect the above Penrose limit to the SU(2) x SU(2) sigma-model limit on the level 
of the action. Consider the limit 

J — > oo , —^-Xi = VJtpi fixed , —prl/i = VJdi fixed (92) 
R R 

In this limit we zoom in near a point on each of the two-spheres that are the target spaces of the 
double Landau-Lifshitz model ([65]) . This gives the action 



J 



167T 2 V2A/2 



2 

/ dt'da 



a t^X ,2 ,2, 

y l dfx l --p{Xi +y t ) 



(93) 



This is the same action as one obtain by taking a c — > oo limit of the action corresponding to the 
Lagrangian ([50]) . 

In conclusion we can connect the SU(2) x SU(2) sigma-model limit of Section 2] and the Penrose 
limit ([76]) in the same way as was done in [23] for the SU(2) sector of AdSs x S 5 . In particular, the 
above c — > oo limit involves a non-relativistic limit of type II A string theory on the pp-wave (|77p ~ (|78p . 



6 New Giant Magnon solution in the SU(2) x SU(2) sector 

In this section we find a new Giant Magnon solution in the SU{2) x SU{2) sector of type IIA string 
theory on AdS 4 x CP 3 . 

To find the Giant Magnon solution on AdS^ x CP 3 we consider the string sigma model on this 
metric background. The coordinates can be taken as a 5-vector Y and an 8- vector X where X £ S 7 , 
Y E AdS± constrained by 

8 3 

X 2 = XiXi = 1 , Y 2 = Y - Yl - Y 2 - -1 (94) 

i=l i=l 
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and we furthermore demand 



Ci= {XidrXi+i - X i+1 d T Xi) = , C 2 = J2 {X i d a X i+l -X i+l d rT X i ) = (95) 

1=1,3,5,7 »=1,3,5,7 

defining the background to be CP 3 . 

The bosonic part of the sigma model action in the conformal gauge is 



S = -V2A dr da 



^d a Y ■ d a Y + d a X ■ d a X + A{Y 2 + 1) + A(X 2 - 1) + AiC\ 2 + A 2 C* 2 2 



(96) 



Here, A, A and Aj, i = 1, 2 are Lagrange multipliers which enforce the coordinate constraints (|94[) and 
the constraints (f95|) . Keepinginto account the constraints (|95|) . the equations of motion following from 
the action (|96p take the forn£j 

(d 2 - A)Xi = , i = 1,...,8 

ia 2 -A^K i = 0, i = l,...,5 (97) 
and should be supplemented by Virasoro constraints 

d T X ■ d T X + d a X ■ d a X + - (d T Y ■ d T Y + d a Y ■ d a Y) = (98) 
2d T X ■ dfjX + ^d T Y ■ d a Y = (99) 

From (|94p and (|9T|) it follows that the classical values of the Lagrange multipliers A and A are 

A = X-d 2 X , A = -^Y-d 2 Y (100) 

The Giant Magnon solution will be found as a solution of the classical equations of motion where 
only coordinates on two S 2 C S 7 and R 1 C AdS± are excited. The solution on AdS$ x S 5 was originally 
found by Hofman and Maldacena |10j . This is a closed string solution with open boundary conditions 
in one azimuthal direction. 

In the case we are studying the solution is point-like in AdS^ and extended along the two S 2 which 
are subsets of S 7 . The solution lives on an R 1 x S 2 x S 2 subspace of AdS^ x S 7 , the R 1 C AdS^ and 
S 2 x S 2 C S 7 . We shall choose the solution in such a way that it has opposite azimuthal angles in 
the two S 2 and the same polar angle. The boundary conditions are those of closed string theory. All 
variables are periodic, except for the azimuthal angles of the two 5 2 's which will be chosen to obey 
the magnon boundary condition which on one S 2 is 

A0!=p (101) 

and on the other one will bed 

A03 = -p (102) 

These identifications correspond to opposite orientations of the string on the two S 2 . The Giant 
Magnon is then characterized by the momentum p and by the choice of the point in the transverse 
directions to the two S 2 , i.e. by 2 two-component polarization vectors, p has to be interpreted as the 
momentum of the magnon in the spin chain, these two magnons have equal magnon momentum. They 
give the same contribution to the total momentum constraint. 



5 Here d 2 = d a d a = -6? + d 2 .. 

6 We denote it <p3 since the generator of rotations along the azimuthal direction of the second S 2 is called J3. 
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We have found a new solution for the equations ([97)) satisfying the Virasoro constraints ([98)) , (l99l) 
and the constraints (|94|) . (|95|) . With our coordinate choice it reads 



n + iY 6 



i2r 



yi = f 2 = y 3 = 



(103) 



(X3, Xa) = -^L sin - sech-u , (X 7 , X s ) = sin - sechu 

1 r p ■ ■ p , " 

cos — h 1 sin — tann u 
2 2 



\/2 



1 

71 



cos j sin — tann u 

2 2 



where i = 1,2 are two constant unit vectors and 



G — T COS ■ 



The Lagrange multipliers (|100|) are classically equal to 



A = 1 - 2 secli 



csc- 



A= 1 



(104) 



(105) 



(106) 



as in the usual Giant Magnon solution [29] , 

The solution describes right moving solitons traveling along the worldsheet with velocity cos | . 
The solution on AdS 4 in (| 1 03[1 is then chosen so that the energy density, associated with global time 
translations, is constant. Rather than in this energy we are more interested in the conserved quantity 



Ji - h 



= -2V2A 



da 



Y 4 Y 5 - Y 5 Y 4 + 



X\X 2 — X 2 Xi x e x 5 — X 5 X e 



(107) 



where J\ is the charge associated with azimuthal translations on one of the two S 2 and J3 is the 
generator of the azimuthal translations on the other S 2 . The classical value for A — J = A — Jl ~ Ja 
on the solution (Ti1)3>(fl"04"ll then is 



A - J = 2V2X 



(108) 



Note that the above Giant Magnon solution describes two magnons, one for each two-sphere (or 
SU(2)). Using this fact we can infer from (|108[) that the dispersion relation for a single magnon in the 
SU{2) x SU(2) sector of type IIA string theory on AdS 4 x CP 3 is 



J 



. P 
sin — 
2 



(109) 



This dispersion relation is seen to be consistent with the dispersion relation (|90p found from the 
SU(2) x SU(2) Penrose limit in Section H 



7 Conclusions 

We studied in this paper the SU{2) x SU{2) sector in the type IIA string theory on AdS 4 x CP 3 , 
the proposed string dual of the recently constructed ABJM theory We found a sigma- model 
limit and a Penrose limit corresponding to the SU(2) x SU(2) sector and furthermore a new Giant 
Magnon solution. Comparing this to the weak coupling results of [5] we found ©-(O, showing that 
the dispersion relation for ABJM theory has a non-trivial dependence on A. 

We note here that beside the dispersion relation ©-([7]) there are other dispersion relations in the 
theory, corresponding to the AdS 4 directions and one of the CP 3 directions. Thus, there might be 
another independent interpolation function for these modes. 
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It would obviously be interesting to study both the dispersion relations and the S-matrix in the 
spin chain description for A < 1 and A> 1. 

It is also interesting to consider finite-size corrections to the new Giant Magnon solution found in 
this paper. This will be considered in [30] . 

Finally, we would like to compare with the results of [53] • I n it was argued that one can take 
a A — > limit of type IIB string theory on AdSs x S 5 . This limit corresponds to the SU(2) decoupling 

limit of [injmmcEiH 

It was argued in [23j that in this limit one can quantitatively match Af = 4 
SYM with type IIB string theory on AdSs x S 5 , and in particular we argued that the one- loop matching 
was a result of this. Obviously, this cannot be the case for the duality between ABJM theory and type 
II A string theory on AdS4 x CP 3 . We believe that the difference between the AdSs/CFT4 case and 
the AdS4/CFT3 is that the latter duality only possesses 24 supersymmetries. From this we expect 
that AdS4 x CP 3 is not an exact type IIA string theory background. Indeed, to show that AdSs x S 5 
is exact the full 32 supercharges were used [33]. Therefore, the AdS4 x CP 3 is indeed more challenging 
than the AdS 5 /CFT 4 duality. 
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